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1. Introduction

We generalize two well-known degree sum and neighborhood union conditions for the characterizing of Hamiltonian
graphs, in particular for pancyclic graphs. First, we give a few definitions and some notation. We consider only finite
undirected graphs with no loops or multiples. We denote by §(G) the minimum degree of G. If u is a vertex and H is a
subgraph of G, then define Ny (u) = {v € V(H) : uv € E(G)} to be the vertex set of H that is adjacent to vertex u, and
set Ny[u] = Ny(u) U {u}. Let G — H and G[S] denote the subgraphs of G induced by V(G) — V(H) and S, respectively.
If Chn = X1X2---XmX;1 is a cycle of order m, let Ng:n W) = {Xit1 : % € Nc, (W}, Ne () = {xi_1 : X3 € Nc,(uw}, and
N*c,(u) = Ng:n (u) U N¢, (u), where subscripts are taken modulo m. For a graph G of order n, in 1960, Ore introduced
the degree sum condition d(u) + d(v) > n for G to be Hamiltonian; in 1987, Faudree et al. introduced the neighborhood
union NC = min{|[N(x) UN@y)| : x,y € V(G),xy € E(G)}; and, in 1989, Lindquester [12] introduced the neighborhood
union of each pair of vertices at distance 2 as follows: NC; = min{|[N(x) U N¥)| : x,y € V(G),d(x,y) = 2}.In
this paper, we introduce a new sufficient condition of generalizing degree sum and neighborhood union as follows:
DNC; = min{|[N(x) UNy)| +d(w) : x,y, w € V(G),d(x,y) = 2, wx or wy & E(G)}. For graphs A and B, the join operator
AV Bof A and B is the graph constructed from A and B by adding all edges joining the vertices of A and the vertices of B. If
no ambiguity can arise, we sometimes write N (u) instead of Ng(u), § instead of §(G), etc.

If a graph G has a Hamiltonian cycle (a cycle containing all vertices of G), then G is said to be Hamiltonian. A graph G is
said to be pancyclic if G contains cycles of every length k, 3 < k < n. Other terminology and notation not defined here can
be found in Gould [3].

In 1960, Ore obtained the following well-known Hamiltonian result on degree sum.
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Theorem 1.1 (Ore [13]). If Gis a 2-connected graph of order n and d(x) 4+ d(y) > n for each pair of non-adjacent vertices x, y
in G, then G is Hamiltonian.

In 1971, Bondy considered Ore’s condition for pancyclic graphs.

Theorem 1.2 (Bondy [1]). If G is a 2-connected graph of order n and d(x) + d(y) > n for each pair of non-adjacent vertices x, y
in G, then G is pancyclic or G = Ky 3 n/2.

In 1991, Faudree et al. proved the following result on neighborhood union.

Theorem 1.3 (Faudree et al. [2]). If Gis a 2-connected graph of order n and [N (x) UN(y)| + & > n for each pair of non-adjacent
vertices x, y in G, then G is Hamiltonian.

In 2006, Wu et al. proved the following pancyclic result on neighborhood union at distance 2.

Theorem 1.4 (Wuetal. [14]).If Gis a 2-connected graph of order n > 6 and [N(x) UN(y)|+8 > n for each pair of non-adjacent
vertices x, y of d(x,y) = 2in G, then G is pancyclic or G = Ky/3 n/2.

In this paper, we present a new sufficient condition which generalizes the two well-known degree sum and neighborhood
union conditions and prove the following result.

Theorem 1.5. If G is a 2-connected graph of order n > 6 and |[N(x) U N(y)| + d(w) > n for any three vertices x,y, w of
d(x,y) = 2 and wx or wy ¢ E(G) in G, then G is pancyclic or G = Ky /2 n 2.

Note. If each pair of nonadjacent vertices of a graph G satisfies the condition of Theorem 1.2, then, clearly, for any three
vertices x, y, w of d(x, y) = 2 and xw ¢ E(G) or yw &€ E(G), |[N(x) UN(y)| + d(w) > n holds, by Theorem 1.5, G is pancyclic
or G = Ky ns2; thus Theorem 1.5 implies Theorem 1.2. Also, if each pair of nonadjacent vertices of a graph G satisfies
the condition of Theorem 1.4, then, clearly, for any three vertices x,y, w of d(x,y) = 2 and xw ¢ E(G) or yw & E(G),
IN(x) UN()| + d(w) > n holds, by Theorem 1.5, G is pancyclic or G = Ky n/2; thus, Theorem 1.5 implies Theorem 1.4.

Corollary 1.6. If G is a 2-connected graph of order n > 3 and [N(x) U N(y)| + d(w) > n for any three vertices X, y, w of
d(x,y) = 2 and wx or wy € E(G) in G, then G is Hamiltonian.

2. Proof of the main result
Obviously, Theorem 1.5 can be obtained immediately by the following Lemmas 2.1 and 2.6.

Lemma 2.1. If G is a 2-connected graph of order n > 6 and DNGC, > n, then G has C3, C4 or G = Ky /2 52

Proof. We consider the following two cases.
Case 1. There exists at least a vertex u of G satisfying that the degree number of u is more than 2.

Subcase 1.1. N(u) has two adjacent vertices v, w.

In this case, clearly, G has Cs. Then we will prove that G has C4. Otherwise, if G does not have Cy4, then, clearly, G[N (u)]
does not have a path of order 3. Let z € N(u) \ {v, w}; since G is 2-connected, w or v must be adjacent to some vertex of
G — NJu]. Without loss of generality, assume that w is adjacent to some x € V(G — N[u]); then, since G does not have Cj,
we have the following: both v and x do not have a common neighbor in G — N[u]; any two distinct vertices of N(u) do not
have a common neighbor in G — N[u]; zx & E(G). We consider the following two cases of the distance of vertices z and x. (1)
When d(z, x) = 2, clearly, N(v) "N ({x, z}) = {u, w}, and each of {x, z, v} is not adjacent to any of {x, z, v}, so we can check
that IN(x) UN(2)| + d(v) < |V(G)| — |{x, z, v}| + |{u, w}| < n — 1, which contradicts the assumption of Lemma 2.1. (2).
When d(z, x) # 2, similarly, we can check that |[N(v) UN(z)| +d(x) < |[V(G)| — [{x, z, v}| + |[{w}| < n — 1, a contradiction.

Subcase 1.2. N (u) does not have two adjacent vertices.

Let v, w, z € N(u). Since d(w, z) = 2, by the condition of the lemma that |[N(w) U N(z)| + d(v) > n, we can check that
V(G —N[uD| > [INw| - 1.

(D|V(G—N[uDl = Nw| - 1.

In this case, using [N(w) UN(z)| + d(v) > n for any three vertices w, z, v in N(u), each vertex of N (u) must be adjacent
to every vertex of G — N(u) (for example, if v € N(u) is not adjacent to some vertex of G — N(u), let w, z € N(u) \ {v}; then
we can check that [N(w) UN(z)| +d(v) < n— 1, a contradiction),so G € N(u) Vv (G— N(u)), where “Vv” is the join operator.
Then, if G does not have Cs, then G — N(u) is an empty subgraph; this implies that G = K3 n/2. If G has G, then, clearly, G
contains Cz, C4.

(2) V(G = N[uD| = [N(u)|.

If G does not have Cs, then, for any two vertices x, y of distance 2 in V(G — N[u]), using IN(x) U N(y)| + d(u) > n,
we can check that there are at most [N(u)| — 1 vertices of G — N[u] that are not adjacent to x and y, so there are at least
V(G — N[u])| — (JN(u)| — 1) vertices of G — N[u] that are adjacent to x or y.
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Clearly, each vertex v of N(u) must be adjacent to at least two vertices of G — N[u]. Otherwise, if v is at most adjacent to
avertex of G — N[u], letting w, z € N(u) \ {v}, we can check that |[N(w) U N(z)| + d(v) < n — 1, a contradiction. Since G
does not have Cs, if v of N(u) is adjacent to two vertices x, y of G — N[u], then xy & E(G), and vertex v is not adjacent to any
of N(x) UN(y).

Since G is 2-connected, G — N[u] is not empty subgraph. Let g, r be two adjacent vertices of G — N[u]; if there
exist two vertices w, z of N(u) satisfying that both w, z are not adjacent to g (or r), then we have [N(w) U N(z)| <
(JV(G — N[u])] — 1) + |{u}]. Letting v € N(u) \ {w, z} be adjacent to two vertices x, y of G — N[u], we can check that
d(v) < [V(G—=N[uD)| — [Ne-npu () UNc_nu )| + {u}| < [V(G—N[uD|—(V(G—N[uD|—(Nw)|— 1)+ [{u}| < IN@W)].
So we have [N(w) UN(2)| +d(v) = (JV(G—N[uD| = 1) + [{u}| + INW)| = [V(G—=Nw) U {uh|+ INWw)| =n-1,a
contradiction. This contradiction shows that g, like r, must be adjacent to at least one of {w, z}. Since [N (u)| > 3, there exists
at least a vertex of N (u) that is adjacent to g and r, so we have Cs, a contradiction. This contradiction shows that G contains
Cs. It is also easy to see that there must exist two vertices of N(u) that have a common neighbor in G — N[u]. Otherwise,
we have |[N(w) UN(z)| + d(v) < |[V(G — N[u])| + 2|{u}| < n — 1 for any three vertices w, z, v in N(u), a contradiction.
Without loss of generality, assume that w, z € N(u) are adjacent to vertex x of G — N[u], so G also contains C;, = uwxzu, i.e.,
G contains Cz, Cy.

Case 2.d(u) = 2 for eachu € V(G).
In this case, G is the cycle C;, = x1x; - - - X,x; of order n. Since n > 6, we have |[N(x;) U N(x3)| +d(xs) < n—1,a
contradiction. O

Lemma 2.2. If G is a 2-connected graph of order n > 6, and DNC, > n, Gy, is a cycle of order m, u is a vertex of G — Cp,, and
INc,,(w)| = 2, then the two following conditions hold.

(1) If Xi41, Xj41 € Ngn (u) and d(xi+1, Xj+1) < 2 and x;;1, Xj41 are not adjacent to any of N[u] \ V(Gy), then there exists
Xi € N, (u) satisfying that X; 1 1Xg+1 OF Xj11Xk+1 € E(G).

(2) If there exist Xj;1, Xj11 € Né:ﬂ (u) satisfying that d(x;;1, Xj+1) > 3 and {Xi11, Xiy2, ..., Xj—1} N N¢,,(u) = @, and xj; is
not adjacent to any of N[u] \ V(Cp), then there exists at least a vertex x; in P = Xj1Xj;2 - - - x; such that x, € N(x;;1) with
Xk—1Xi+1 OT X,—1U € E(G).

Clearly, (1) and (2) together imply that V (Cp,) U {u} structures a Gy 1.

Proof. First, we consider (1), i.e., that d(xj11, Xj+1) < 2. (i) When d(xi+1, Xj+1) = 1, we can take Xy as X;41 OI Xj;1, SO in
this case (1) of Lemma 2.2 holds. (ii) When d(x;+1, Xj+1) = 2, suppose (1) of lemma is false, i.e., for any x € N(u) U {u},
when x & V(Gy), x is not adjacent to Xi;1, Xj+1. When x = x; € V(Gy), Xk+1 is not adjacent to x;1, Xj11, this implies that
IN(Xit1) UNXj41)| < n— [N(u) U {u}],so N(xir1) UN(xj+1)| + d(u) <n — 1,a contradiction.

Therefore, (1) holds, and we can construct cycle Ci, 1 = XjUXpXg_1 * - Xit1Xkr1Xkp2 - - - X if X 1X1 € E(G) for some
Xx € Ng,(u) or cycle Gpi1 = XjUXgXg—1 - - - Xj+1Xk+1Xk+2 * - - Xj if X,41Xj41 € E(G) for some x, € Nc, (1), two cycles both
consisting of u and C,.

If (2) is false, i.e., for any x € N(xj+1), when x ¢ V(Cy), X is not adjacent to vertex u, and, since d(Xi;1, Xj+1) > 3,xis
also not adjacent to x;11. When x = x; in path P = X 1Xjo - - - X;, then X,—1Xi41, Xkt € E(G), i.e., none of N (xj41) is
adjacent to x;y1, u. When x in path R = Xj1Xi12 - - - Xj_1, since d(Xi+1, Xj+1) = 3 and {xiy1, Xit2, . .., Xj—1} N Ng,, (u) = @, xis
not adjacent to u, x;;1, i.e., none of Nr(xj;1) is adjacent to x;;1, u. Also x;;1, u are not adjacent to x;, 1, u. Clearly in the three
sets Ny (Xj+1), Nr(xj+1) and {u, x;11}, there are no two sets that have any common vertex, and |Ng(xj+1)| 4+ [Np (Xj1)| =
N, (%;11)| — 1. Hence we can check that N (u) U N(xis1)| < 1 — [NeGj1)| — INy (i) — i, u}] < 10— d(xjs0) — 15
this implies that [N(u) U N(x11)| + d(xj+1) < n — 1, a contradiction.

Therefore, (2) holds, and we can construct cycle Cui1 =  XUXXj_1 - Xit1Xk—1Xk—2 * = * Xj1XkXk1 - - - X OF
XjUXk—1Xk—2 = - * Xj+1XkXk+1 - - - Xj, Tespectively.

Similarly, it is also easy to obtain the following result by considering the reverse direction on G, from Lemma 2.2. O

Corollary 2.3. If Gis a 2-connected graph of order n > 6, and DNC, > n, Cy, is a cycle of order m, u is a vertex of G — Cy,, and
INc,, (w)| > 2, then the two following conditions hold.

(D) If xi—1,%-1 € N, (W) and d(x;—1, Xj—1) < 2 and x;_1, Xj—1 are not adjacent to any of N[u] \ V(Cn), then there exists
Xx € N, (u) satisfying that x;_1xy_1 or Xj_1xk—1 € E(G).

(2) If there exist X;_1, Xj_1 € Ne, (u) satisfying that d(xi_1, xj—1) > 3 and {Xj+1, Xj+2, . . ., Xi—1} N N, (u) = @ and x;_1 is not
adjacent to any of N[u] \ V(Gp), then there exists at least a vertex xi in P = Xj41Xj42 - - - X; such that x, € N (Xj41) with Xg11Xit1
or Xg+1u € E(G).

Now we prove the following Lemma 2.6. First, we state two propositions we need.
Proposition 2.4. Let C,, 1 = Y1Y2 - - - Ym+1Y1 be the cycle of order m + 1 obtained from (1) or (2) of Lemma 22. If v €

V(G — Cnt1) is adjacent to some yy, in V(Cpy1) NV (Cr), whenyy, € {Xi, Xit1, Xj, Xj41, Xk—1, Xk, Xk+1} described in Lemma 2.2,
then, clearly, yu41 0r yp—1 € Ng, (v). When yy & {Xi, Xis1, Xj» X1 Xe» Xes1}, then, clearly, yny1, yo—1 € N&, (v).
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Proposition 2.5. Let G be a 2-connected graph of order n > 6 and DNC, > n, and let Cy, be a cycle of order m. If Cppq =
V1Y2 « + - Ym+1Y1 IS the cycle of order m 4+ 1 obtained from (1) or (2) of Lemma 2.2 consisting of u and G, and if each w € Ngfn »)
is not adjacent to any of N(y) \ V(Cn), whereu, y € V(G—GCy), and if there exists x; € Nc,, (y) satisfying that this path xj_1X;X;11
of Gy is also a path of Cp1, and if there exists y, € Nc,,,(¥) \ {x;} satisfying that yn1 or yn—1 € Ncim (y), then we can obtain
that Cy,1; consists of y and Cy 1.

That is, under the hypothesis of Proposition 2.5, there must exist yx, yn € N, (¥) satisfying that both yy1, yn+1 or both
Yk—1, Yn—1 are not adjacent to any of Ng_c,,,, (¥). (For example, let X;_1Xjxj1 = Yi—1YiYi+1.-If Ynt1 € Ngfn (y), then yiy 1, yniq are
not adjacent to any of N(y) \ V(Cpny1); if Yh—1 € Na (y), then y;_q, yn_1 are not adjacent to any of N(y) \ V(Cy+1).) Thus, the

cycle Cy41 and graph G must satisfy the condition of Lemma 2.2, so we can obtain Cp, consisting of y and Cp,, immediately
by Lemma 2.2.

Lemma 2.6. If Gis a 2-connected graph of order n > 6 and DNC, > n, and G has Cy,, Cy+1, where m < n — 2, then G has Cy 5.

Proof. Assume, to the contrary, that G does not have Cp, 5.

Under the hypothesis, for each vertex x of G — G, then, clearly, none of Né[n (x) are adjacent to N (x) \ V(Cp) (for example,
if there exists vertex x; of C, = x1x; - - - X,X1 adjacent to x, and x; ¢ or x;_1 is adjacenttoy € N(x) \ V(Cy), then we obtain
cycle x;Xyxi 1 1Xiy2 - - - X; or cycle x;xyx;_1Xj_ - - - X;; all are C;, 15 consisting of V(C,,) U{x, y}, a contradiction). Then we consider
the following cases.

Case 1. There exist X, y in G — Cp, such that [N¢,, (x)| > 2 and |N¢, ()| > 2.
Subcase 1.1. N¢,,, () = N¢,,(¥) = {x;, x;}.

In this case, we have xy € E(G). Otherwise, if xy & E(G), letx, € V(Cy) \ {x;, X;} satisfying that x, € {x;y1, Xj+1}; then, we
can checkthat INX)UN(¥)| < n—[N[x ]\ {x:, xj}| — {x, ¥}| < n—d(xx) —1, which implies that IN(X) UN(y)|+d(xx) < n—1,
a contradiction.

Thus, xy € E(G); then, by (1) or (2) of Lemma 2.2, we construct Cy41 by V(Gy) U {x}. Clearly, G,+1 contains xx; or xx;.
Since y is adjacent to x and x;, X;, we have Cpy».

Subcase 1.2. N¢,, (x) # N, () or max{|Nc,, ()|, [Nc,, )|} = 3.
Subcase 1.2.1. xy € E(G).
Subcase 1.2.1.1. N, (x) N Ne,, (¥) # 9.

In this case, let x; € Nc,(x) N N¢, (). We choose x; € N, (x) satisfying that {x;;1, Xi12, - -+, Xj—1} N Ng,(x) =
@. (I) If dXi+1,%i+1) = 3, by (2) of Lemma 2.2, then there exists x, € N¢,(xj+1) satisfying that X ix,—; or
Xxp—1 € E(G). When Xi11Xp—1, then Cuin = XiXYXjXj_1 - Xip1Xn—1Xn—2 * * - Xj+1XnXpt1 - - - Xi. When xx,_q, then Gyqp =

XjYXXp_1Xn—2 - * - Xjr1XnXps1 - - - Xj. (1) If d(xi41, Xj1) = 2, by (1) of Lemma 2.2, then there exists x, € Nc,, (x) satisfying that
Xj+1Xp+1 OF Xit1Xpt1 € E(G). When Xj11xp1 € E(G), then Gy = XjyXXnXp—1 - - Xj+1Xn+1Xn42 - - - Xj. When X 1Xp1 € E(G),
we construct Cppy1 = Y1¥2 - - - Ym+1¥1 by (1) of Lemma 2.2, Clearly, in this case, path x;_1x;x;;1 of Cy, is also a path of Gy11,
together with Proposition 2.5 and since [N, (¥)| > 2, so there must exist vertex y; € N, ,,(¥) \ {x;} and without loss of
generality, assume that x; of Gy, is labeled as some y; on Gy satisfying {yni1, Yni2, ..., ¥r—1} N Ne,,, (¥) = 9, and both
Yr+1, Yhe1 or both y,_q, yp_1 are not adjacent to any of N(y) \ V(Cp11), by (1) or (2) of Lemma 2.2, we can obtain Cp, 5.

Subcase 1.2.1.2. N¢,,(x) N N¢,, (v) = 9.

Subcase 1.2.1.2.1. There exist consecutive x;, x;+1 on Gy, satisfying that x;, x;11 € N¢,,(x) or N¢,, ().

Without loss of generality, assume that x;, x;1 € Nc, (x), so we construct Cpy1 = X;XXi}1Xi42 - - - X;. Then, for each
X; € N, (¥), path xj_1xxj .1 of Cy, is also a path of C;,1. Since [N¢,, (¥)| > 2, by Proposition 2.5, we can obtain Gy 1,.

Subcase 1.2.1.2.2. Subcase 1.2.1.2.1 does not exist

Using x and G, we first construct G4 1.

By hypothesis of not G, and not Subcase 1.2.1.2.1, together with xy is edge, so for any x; € N, (x), y is not adjacent to
Xi—1, Xi, Xi+1. Since [N¢,, ()| > 2, at least there exists a vertex x; € N, (y) satisfying that path x;_;x;x;11 of Cy, is also a path
of Cppr1, by (1) or (2) of Lemma 2.2, we can obtain Cp,5.

Subcase 1.2.2. xy € E(G).

Subcase 1.2.2.1. There exist consecutive x;, ;11 on Cp, satisfying that x;, ;11 € N¢,, (x) or N¢,, (¥).

Without loss of generality, assume that x;, xi1 € N¢,, (x). (i) If N¢,, () # {3, Xit1}, we construct Cppy1 = XiXXj11Xiy2 - - - Xi.
Thenif y is adjacent to two consecutive vertices of C,1 1, we have C,,. Otherwise, if y is not adjacent to any two consecutive
vertices of G,1. Since this is not Subcase 1.1, there exists at least x; € N, (y) satisfying that path x;_1x;x;;; of Cp, is also a
path of Cp41, by Proposition 2.5, we have Cpyo. (ii) If N¢,, (¥) = Xi, X1, we construct Gy = X;yXiy1Xit2 - - - X; consisting of
Cn and y. Then, if x is adjacent to two consecutive vertices of C;,1 1, we have C,,. Otherwise, since this is not Subcase 1.1,
there exists at least x; € N¢,, (x) satisfying that path x;_1x;x;1 of Gy, is also a path of Cy,41, by Proposition 2.5, we have Cp»
consisting of C;;.1 and x.

Subcase 1.2.2.2. Subcase 1.2.2.1 does not exist.
In this case, if d(X44.1, Xk+1) > 3 for some two vertices Xy 1, Xg11 € Né:n (x), then there must exist at least three vertices in

Ng:n (x) that are adjacent to x;. 1 (otherwise, since x, X, 1, Xx+1 is a independent vertex set and since d(Xpy1, Xk+1) > 3, Xp11
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and any of x, x,1 do not have any common neighbor in G — Cp,, so we can check that [N(x) U N(xy11)| + d(x)41) <n—1,
a contradiction). We consider the following cases.

(1) When x; € N, (x) N Ng,, (¥). Since this is not Subcase 1.2.2.1, xx; 11, yX;+1 & E(G), and since each of {x, y} and x;;; do not
have any common neighbor in G— G, (otherwise, it is easy to obtain a Cp,, ;, a contradiction). By the assumption of the lemma
that IN(x)UN (y)|+d(xi+1) > nand {x, y, x;+1}isaindependent vertex set, |N (X) UN (¥)|+d(xi+1) > |[V(G)|4+S—|x, ¥, Xi+1| >
n, where S is the number of common neighbors of x; 1 and any of {x, y} in Cy,. Thus, the number of common neighbors of x; 1
and any of {x, y} is at least 3. Let T be the vertex subset of ij %) ﬂN;n (y) that is adjacent to x; 1. Clearly, |T| > 3 (otherwise,
this does not satisfy the assumption of the lemma that |[N(x) U N(y)| + d(x;11) > n). Without loss of generality, assume
that [T N Né:n (x)| = 2. Using |N¢,, ) \ {xi}| = 1, we can construct a G, consisting of x and G, satisfying that there exists
some x; € N¢,, (¥) such that path x;_1x;x;;1 of G, is also a path of G, by Proposition 2.4, we have Cp,. (For example, let
Xnt1, Xkr1 € TN Né:,. (x); if x, or x 1 is adjacent to y, we construct Gy 1 = XXgXk—1 - * - Xit1Xkr1Xkt2 * - - Xix consisting of x
and Cp, satisfying that the paths x,_1xpxp+1 and xpxp1xp2 of G, all also are paths of Cp, 1. If X or X1 is adjacent to y, we
construct Cpyq = XXpXp—1 - + - Xir1Xp+1Xny2 - - - X;x consisting of x and G, satisfying that the paths x,_1xpXk11 and XX 1Xk42
of C, all also are paths of Cy,41. If y is not adjacent to any of {xy, xpt1, Xk, Xk+1}, we construct a Gy consisting of x and Gy,
and it must be satisfied that path x;_1x;x;1 of Gy, is also a path of 44 for any x; € N, (¥) \ {x;}, by Proposition 2.5, we
obtain Gy45.)

(2) N¢, (x) N Ng,(¥y) = . Since there exist Xp41, Xk+1 € N (x) with xp1xk+1 € E(G), we can construct Cpyq =:
XXpXi—1 -+ - Xp1Xk1Xkt2 - - - XpX consisting of x and Cp,. (2-1) Ify is not adjacent to Xp4q Or X1, using |N¢, (¥)| = 2 and
the fact that y is not adjacent to x, and X, there must exist some X; € Nc,(y) such that path x;_;x;xj1; of G is also
a path of G,,1, by Proposition 2.5, we obtain Cp,. (2-2) If y is adjacent to x;,¢ and xi, 1, then it is easy to obtain a
Cint2 = XXkXk—1 * * - Xnr1YXk+1Xk+2 + - - XpX consisting of x, y and Cp,.

Case 2. There exists at most a vertex x in G — Gy, such that [N¢, (x)| > 2.

In this case, if G does not have any G4, we claim that if y € V(G — Gy) and N¢,, (¥) = {x;}, then G[C;, — x;] is complete
subgraph of order m — 1.

That s, since G is 2-connected, there must exist at least a vertexy € V(G — Gy) such that |[N¢, ()| = 1.Let N¢, (v) = {xi}.
Then we first prove that x;_1x;11 € E(G); otherwise, if x;_1x;11 & E(G), since not Gy, if w € N[y] \ {x;} then w is not
adjacent to x; 1, X;_1, and hence we can check that |[N(xj;1) UN(x;_1)| < n — IN[y]\ {x;}| — [{Xi+1, Xi—1}], a contradiction.

Then, similarly, we have x;_1x;1, € E(G); otherwise, if x;_1x;,, & E(G), since not G5, we can see if w € N[y] \ {xi};
then w is not adjacent to x;,, x;_1 (for example, if wx; ; € E(G), we have G2 = Xj_1Xj1-1XiyWXi12Xi+3 - - - Xi—1). Hence we
have [N(Xi42) UN(xi—1)| <n — [N[y]\ {xi}| — [{Xi+2, Xi—1}|, a contradiction.

We use induction, under the assumption x;_1x;;, € E(G), then similarly we have x;_1x;1,+1 € E(G).

Thus, Xi11, Xi+2, Xi+3, - - - , Xi—3, X;_2 are all adjacent to x;_. Then, clearly, for each pair x;, x; in Gy, \ {x;}, d(xp, %) < 2.1f
xnXx € E(G). Since, clearly, if w € N[y]\ {x;},n w is not adjacent to xy, x, (for example, wx, € E(G), together with x; _1x,_1 €
E(G), 50 we have Cin2 = Xi—1Xp—1Xh—2 - - - Xy WXiXp41 - - - Xi_1). Hence, we have [N (xy) UN (xi0)| < n— N[y]\ {xi}] — | {xn, xc}1,
a contradiction.

Therefore, G[V (Cy,) \ {x;}] is a complete subgraph of order m — 1.

ThenletP = y1y; - - - yx be a path of G — C;, whose two end-vertices y1, yx are adjacent to two vertices x;, x; of G, with the
order k of path P being as small as possible. Without loss of generality, assume that N, (y1) = {xi}, so G[C, — x;] contains a
complete subgraph of order m — 1.

Subcase 2.1. k = 2.
In this case, since G[C, — x;] is a complete subgraph of order m — 1 and x;_1Xj—; € E(G) (possibly x;_; = x;), we have
Cn2 = Xi—1Xj—1Xj—2 - - Xi¥1Y2XjXj41 - - - Xi—1, A contradiction.

Subcase 2.2. k = 3.
In this case, since m > 3, max{[{x;, Xit+1, ..., X}, {Xj, Xje1, ... %3} = 3. If max {|{x;, Xix1, .. - X}, |{X}, Xj41,
.. X;}|} = 3, without loss of generality, assume that |{x;, Xi+1, . . . X;}| = 3; then cycle Cp4, consists of path Gy, \ {xi+1} and
pathyiy,ys, where V(Cpi2) = (V(Cn)U{y1, ¥2, ¥3D) \{Xi+1}, a contradiction. If max{[{x;, Xit1, - . . X}, [{Xj, Xj11, - . - Xi}[} > 4,
without loss of generality, assume that [{x;, xi+1, ...X;}| > 4; since x;_, is adjacent to x;_ (possibly x;_; = x;), we can
obtain Cpip = XjXj41 - - - Xi—1Xj—2Xj—3X;¥1Y2¥3X; consisting of vertex set V(Cp) \ {x;—1} and path yy,y3, where V(Cy42) =
(V(Cn) U {y1,¥2,¥3D) \ {x;—1}, a contradiction.

Subcase 2.3. k > 4.

Let x;, x; in Gy, be adjacent to y4, yi, respectively, and |N¢, (y1)| = [{xi}|. Let x; € V(Cyp) \ {xi,x;}, so for any w €
N[x: ]\ {xi, y4}, whenw & V(Cy), since k > 4, then w is not adjacent to y;, y3. Otherwise, if w is adjacent to y, in this case we
have path P = wy; of order 2 of G — C,, whose two end-vertices w, y; are adjacent to two vertices of G, respectively; this
contradicts our choice that k is as small as possible. When w is adjacent to y3, then wysy, - - - yi is a path of order less than k of
G—C,, whose two end-vertices w, yj are adjacent to two vertices of C,, respectively, a contradiction. When w € V(Cy) \ {x;},
w is not adjacent to y1, y3. This is because, since N¢,, (¥1) = {x;}, wy; & E(G). If wys € E(G), then y,y,ys is a path of order
less than k of G — C,, whose two end-vertices y1, y3 are adjacent to two vertices x;, w of G, respectively, a contradiction.
Hence we have [N(y1) UN(y3)| < n — [N[x:] \ {xi, ya}| — [{y1, y3}|, a contradiction. O
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Therefore, this completes the proof of Lemma 2.6.

Note. A pancyclic graph is an important subject in graph theory and related areas. Recently, some related interesting works
on pancyclicity have been published in [4,5,8,11,6,10,9,7,15]; among them, many have been widely used in computer science
as well as information science.
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