Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 108, Number 17, 16 August 2008 155N (020-0150

information
processing
letters

devoted to the rapid publication of short contributions to information processing

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Information Processing Letters 109 (2009) 991-996

www.elsevier.com/locate/ipl

Contents lists available at ScienceDirect

Information Processing Letters

i
Information
Processing Letters

A sufficient condition for pancyclic graphs

Kewen Zhao®*, Yue LinP, Ping Zhang®

2 Institute of Information Science, Qiongzhou University, Sanya, Hainan, 572200, PR China

b Department of Mathematics, Qiongzhou University, Sanya, Hainan, 572200, PR China
¢ Department of Mathematics, Western Michigan University, MI 49008-5152, USA

ARTICLE INFO ABSTRACT

Article history:

Received 25 September 2008

Received in revised form 26 February 2009
Accepted 29 May 2009

Available online 2 June 2009
Communicated by EY.L. Chin

Keywords:
Interconnection networks
Hamiltonian paths
Hamiltonian cycles
Pancyclic graphs
Sufficient conditions

In 2005, Rahman and Kaykobad proved that if G is a connected graph of order n such that
d(x)+d(y) +d(x,y) >n+1 for each pair x, y of distinct nonadjacent vertices in G, where
d(x,y) is the length of a shortest path between x and y in G, then G has a Hamiltonian
path [Inform. Process. Lett. 94 (2005) 37-41]. In 2006 Li proved that if G is a 2-connected
graph of order n > 3 such that d(x)+d(y)+d(x, y) > n+2 for each pair x, y of nonadjacent
vertices in G, then G is pancyclic or G = Ky/2,n/2 where n > 4 is an even integer [Inform.
Process. Lett. 98 (2006) 159-161]. In this work we prove that if G is a 2-connected graph
of order n such that d(x) +d(y) +d(x,y) > n+ 1 for all pairs x, y of distinct nonadjacent
vertices in G, then G is pancyclic or G belongs to one of four specified families of graphs.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

We consider only simple graphs, i.e., graphs with no
multi-edges and no self loops, and every reference to a
cycle or a path, unless otherwise specified, indicates, re-
spectively, a simple cycle or a simple path. For a graph G,
let V(G) be the vertex set of G and E(G) the edge set of
G. The complete graph of order n is denoted by K, and
the complete bipartite graph with the partite sets A and B
with |A| = p and |B| =q is denoted by K 4. For two ver-
tices u and v, let d(u, v) be the length of a shortest path
between vertices u and v in G, that is, d(u, v) is the dis-
tance between u and v. The minimum degree of a graph G
is denoted by §(G) (or § if the graph G under consider-
ation is understood). For a subgraph H of a graph G and
a subset S of V(G), let Ny(S) be the set of vertices in H
that are adjacent to some vertex in S and let the cardinal-
ity of Ng(S) be [Ny(S)| =dg(S). In particular, if H=G
and S = {u}, then let Ng(S) = N(u), which is the neigh-
borhood of u in G. In this case, the cardinality of Ng(S) is
denoted by dg(S) = |[N(u)| =d(u), which is the degree of u.
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Furthermore, let G — H and G[S] denote the subgraphs of
G induced by V(G) — V(H) and S, respectively. For each
integer m > 3, let

Cm =X1X2...XmX1

denote a cycle of length m and define

NE () = {xit1: xi € Ne,, )},
N, W) = {xi-1: i € N¢, W)},
NE (u) =N (u)UNg (u),

where subscripts are expressed as integers modulo m.

A cycle in a graph G that contains every vertex of G
is called a Hamiltonian cycle of G. A Hamiltonian graph is a
graph that contains a Hamiltonian cycle. A path in a graph
G that contains every vertex of G is called a Hamiltonian
path in G. A graph G is said to be r-pancyclic if G contains
a cycle of length k for each k with r <k <n. A 3-pancyclic
graph is simply called a pancyclic graph. We refer to the
book [1] for graph theory notation and terminology not
described in this paper.

It is well known that the Hamiltonian graph problem is
NP-complete [2]. In 2005, Rahman and Kaykobad [5] ob-
tained the following result:
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Theorem 1.1. (See Rahman and Kaykobad, 2005 [5].) If G is
a connected graph of order n > 3 such that d(x) + d(y) +
d(x,y) = n+1 for each pair x, y of nonadjacent vertices in G,
then G has a Hamiltonian path.

In 2006, Li [3] considered other Hamiltonian properties
of graphs under same or similar conditions as Theorem 1.1.
In order to present results obtained by Li in [3], we first
introduce some additional definitions. For two graphs F
and H the join F v H of F and H is the graph constructed
from F and H by adding all edges joining the vertices of
F and the vertices of H. In [3] two classes C, and D, of
graphs of order n are defined as follows. A graph G of or-
der n belongs to the family C, if the vertex set of G is
V(G) =V (K1)UV(G1)UV(Gy), where Kj is a trivial graph,
G1=Kp, vV Kq, = Kp,1q, is the complete graph of order
p1 +q1 with p;y > 1 and g1 > 0, G2 = Kp, Vv Kg, is the
complete graph of order p; +q2, p2 > 1 and g2 > 0, and
V (K1), V(G1), and V(Gy) are pairwise disjoint sets with
n=pi1+q1+p2+4q2+1, and the edge set of G is

E(G) = E(G1) UE(G2)
U{ab: ae V(Kq),be V(Ky)UV(Kp,)}.
The family Dy, of graphs of order n is defined as
{G: Kpps1 SGSKp Vv (p+ DKy,
[V(G)|=2p+1=n>3},

where (p 4+ 1)Ky is the complement of K,1, that is, the
empty graph of order p + 1.

Theorem 1.2. (See Li, 2006 [3].) Let G be a connected graph
of ordern > 6. If d(x) + d(y) + d(x,y) > n+ 1 for each pair
X, y of nonadjacent vertices of G, then G is Hamiltonian or G €
ChUDy.

Theorem 1.3. (See Li, 2006 [3].) If G is a 2-connected graph of
order n > 3 such that d(x) + d(y) +d(x, y) > n + 2 for each
pair x, y of nonadjacent vertices in G, then G is pancyclic or
G = Kn/2,n/2 where n > 4 is an even integer.

In this paper, we present the following result, which
improves Theorem 1.3.

Theorem 1.4. Let G be a 2-connected graph of order n > 6. If
d(x) +d(y) +d(x,y) > n+1 for all pairs x, y of nonadjacent
vertices in G, then either G is pancyclic or

G € CuUDy U{Kns2,n/2, Knja,nj2 —€: nis evenj.
2. Proofs of main results

The proof of Theorem 1.4 is based on the following lem-
mas or theorem.

Lemma 2.1. Let C, = X1X2 ... XmX1 be a cycle length m of a
graph G and let v € V(Cy,). If there does not exist Cpy—p con-
taining v in G, then, for each integer i with1 < i < m, the fol-
lowing hold.

(1) If v ¢ {Xit1, Xi+2}, then x;x;13 ¢ E(G).

(2) If v ¢ {Xiy1, Xiy2, Xiy3), then N ¢, (x)) "\Ng—c,, (Xi+4) =
@.

(3) If v # Xi41 and xixi1» € E(G), then when v # xj1 we
have xjxj1> ¢ E(G) and when v ¢ {xj41, Xj42} we have
Ng—c,,(xj) N Ng_c,,(xj4+3) =¥ for any j #1i,i+ 1. Simi-
larly, if v ¢ {Xi11, Xi+2} and Ng_c,, (xi) N Ng—c,, (Xi13) #
@, then when v # X1 we have xjXj > ¢ E(G) and when
v ¢ {Xj+1,Xj+2} we have Ng_c,, (xj) N Ng—c,, (Xj+3) =0
forany j#i,i+1,i4+2.

(4) If xjx, € E(G), where h #1i + 1,1 + 2, then when v ¢
{Xit1, xi+2} we have xjy3xy1 ¢ E(G) and when v ¢
{Xi+1, Xn11} we have Xi2xp12 ¢ E(G).

Proof. Let i be an integer with 1 <i < m. Recall that the

subscripts of vertices are expressed as integers modulo m.
(1) If x;x;43 € E(G), then there exists Cp—y = X1X2...

XiXi+3...XmX1 in G containing v, a contradiction.

(2) If there is u € Ng—_c,, (i) N Ng—c,, (Xi+4) # ¥, then
we get Cp—2 = X1X2...XjUXj+4...XmX1 in G containing v, a
contradiction.

(3) First suppose that x;x;+2 € E(G) with v # x;1, and
XjXjy2 € E(G) with v #xjq for some j#i,i+ 1. Thus if
j>1i, then we obtain Cpy_2 = X1X2... XiXi12Xi+3 ... XjXj42
Xj+3...XmX1 in G containing v; while if j < i, we obtain
Cm_z =X1X2...XjXj12Xj13 ... XiXi42Xi43 ... XmX] in G con-
taining v. In each case, a contradiction is produced.

Next, suppose that x;x;;2 € E(G) with v # X;41, and
Nc—c, (x;) N No—c, (xj+3) # ¥ with v ¢ {xjq,xj42} for
some j#i,i+ 1. Let u € Ng_c, (Xj) N Ng—c,, (xj+3). Thus
if j > i, then we obtain Cp_y = X1X2...XXi12Xi+3--.
XjUXjy3Xjy4...XmX1 in G containing v; while if j <, then
we obtains Cm_z = X1X2...XjUXj13Xj4q ... XiXji42Xi43 ...
XmX1 in G containing v. Again, a contradiction is produced
in each case.

Now suppose that u € Ng—_c, (xi) N Ng—c,, (Xi+3) # 0
with v € {Xj11,Xi42}, and xjxj1p € E(G) with v # xj 14
for some j #1i,i + 1,i+ 2. Thus if j > i, then we ob-
tain Cpy_p = X1X2 ... XjUXj12Xi13 ... XjXj12Xj43...XmX1 In G
containing v; while if j < i, then we obtain Cp_» =
X1X2 ... XjXj12Xj43 ... XjUXj12Xi13XmX1 in G containing v.
A contradiction is produced in each case.

Finally, suppose that u € Ng_c,, (xi) N Ng—c,, (Xi+3) # 0
with v ¢ {xi 11, Xi12}, and w € Ng—c,, (xj;) "\NG—c,, (Xj+3) # 0
with v ¢ {Xj41,xj42} for some j#i,i+ 1,i4 2. Thus
if j > i, then we obtain Cp_2 = X1X2...XiUX{13Xitq...
XjWXji3Xjya...XmX1 in G containing v; while if j < i, then
we obtain Cp_p = X1X2...XjWXj13Xjqa... XiUXiy3Xiqa ...
XmX1 in G containing v. In each case, a contradiction is
produced in each case.

(4) If xjxp € E(G), where h#i+1,i+2 and Xj;3Xy41 €
E(G) (say h > i), then we obtain Cp_2 = X1X2...XiXpXp_1
... Xi+3Xp11Xp42 ---XmX1 in G containing v, a contradic-
tion. On the other hand, if xjx, € E(G), where h #
i+ 1, i+ 2 and Xxj42xp42 € E(G), then we obtain Cp_p =
X1X2 ... XiXpXp—1 - .. Xi+2Xp4+2Xp+3 - - - XmX1 in G containing v,
a contradiction again.

This completes the proof of Lemma 2.1. O

Lemma 2.2. Let G be a 2-connected graph of order n > 6 such
that d(x) +d(y) >n — 1 for each pair x, y of nonadjacent ver-
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tices in G with d(x, y) = 2. If there exists an m-cycle Cp,, where
m > 5, in G, then G contains Cp_>.

Proof. Let C;;; = x1X2...XmX1. Assume, to the contrary, that
there does not exist any Cp,—» in G. We consider the fol-
lowing four cases, according to the values of m.

Case 1. m = 5. Let Cs5 = X;Xj+1Xi+2Xi+3Xi+4X;. Since G con-
tains no Cs, it follows that xjxj;» ¢ E(G) for any x; in
Cs (for otherwise, if xjx;12 € E(G), then we obtain C3 =
XiXi+1Xi4+2Xi, a contradiction). Furthermore, N(x;) NV (Cs) =
{Xi—1, Xi+1}.

Since d(xj) + d(xj12) >n — 1 and [N(x;) N V(Cs)| =
IN(Xit+2) N V(Cs5)| = 2, it follows that |Ng_c, (x| +
ING—c,, (Xi42)| =21 — 5.

Subcase 1.1. INX) N V(G — Cp)| = V(G — C)|/2 + 1 for
some vertex x; of Cpn. By the similar arguments as above, we
have

ING—c Xi—1)| + [Ne—c, (Xit1)| =N —5=|V(G — Cm)|.

This implies that |Ng_c,(xi—1)| = |[V(G — Cp)|/2 or
ING—c,, Xix1)| = |V(G — Cp)|/2. Without loss of gener-
ality, assume that |[Ng_c, (Xi—1)| = |V(G — Cp)|/2. Since
INX)NV(G—Cp)l = |V(G—Cp)|/2+1, it follows that

ING—cp Xi—1)| + |NG-c,, (%) = |V(G — C)| + 1,

and so there exists u € Ng_c,, (xi—1) "Ng—c,, (x;). Therefore,
G contains C3 = x;ux;_1x;j, which is a contradiction.

Subcase 1.2. |[N(x;) N V(G — Cp)| < |V (G — Cp)l|/2 for each
vertex x; of Cp. Since [Ng—_c,, (Xi)| + INg—c,, (Xi42)| = n —5
= |V(G — Cp)| in this case and |N(x;) N V(G — Cp)| <
|V (G—Cp)|/2 in this subcase, and [N (Xj12) NV (G —Cp)| <
|V (G — Cmp)|/2 for every vertex x; of Cp, it follows that

IN(i) NV (G = Cn)| = [N(Xi42) N V(G — Cm)|
= V(G —Cm)|/2

for every vertex x;. Furthermore, there must exist x;, X1
in the odd cycle Cs such that both x; and x;,1 are adjacent
to a common vertex u of G — Cs. Therefore, there is a 3-
cycle C3 =xjux;_1x; in G, which is a contradiction.

Case 2. m =6. Let Cg = X1X2X3X4X5X6X1.

Subcase 2.1. x;x;1 € E(G) for some vertex x; in Cg. With-
out loss of generality, assume that x1x3 € E(G). By Lem-
ma 2.1(3), we have x4x ¢ E(G), and Lemma 2.1(1), we
have x3xg,x1x4 ¢ E(G). Furthermore, we claim that
X2X4, X2x6 ¢ E(G) (for otherwise, if x2x4 € E(G), we get
C4 = X1X3X4X2X1, a contradiction; while if xyxg € E(G),
we get C4 = X1X3X2XgX1, a contradiction). Then it can
be verified that [Nc, (x4)| + |Nc, (x6)| < 4. We also have
NGg—c,(x4) N Ng—c,(x¢) = ¥ (for otherwise, if u €
Ng—c,, (x4) N Ng_c,,(x6), then C4 = x4X5XsUX4, a contradic-
tion). However then, d(x4) + d(xg) < n — 2, which contra-
dicts the condition of Lemma 2.2.

Subcase 2.2. x;xj o ¢ E(G) for any vertex x; in Cg. In this
case, it can be verified that [Nc,(x4)| + |Nc, (x6)| < 4 (by

Lemma 2.1). Using the similar arguments as that used in
subcase 2.1, we can show that Ng_c,, (x4) " N¢g—c,, (x6) = 9.
Furthermore, we can also apply the similar arguments as
subcase 2.1 to obtain d(x4) + d(xs) < n — 2, which contra-
dicts the condition of Lemma 2.2.

Case3. m=7. Let C7 = X1X2X3X4X5X6X7X].

Subcase 3.1. x;jx;12 € E(G) for some vertex x; in C7. Without
loss of generality, assume that x1x3 € E(G). Then we have
X2X4 ¢ E(G) or x7x2 ¢ E(G) (for otherwise, if x2x4, x7x2 €
E(G), then we obtain Cs5: X2X4X5XgX7X2, a contradiction).
We may also assume that xyx4 ¢ E(G. Then x, can only
be adjacent to x3,x7,x7 of V(C7). (For otherwise, we will
obtain a Cs, a contradiction. For example, if x, is adjacent
to x5, then we obtain a Cs5: XyX5xgX7X1X2, a contradiction.)
Moreover, x; and x4 do not have any common neighbor in
G — Cy (for otherwise, if v € V(G — Cy,) is adjacent to xp
and x4, then we obtain a Cs5: X VX4X3X1X2, a contradiction).
Thus, it can be verified that d(xy) + d(x4) < n — 2, which
contradicts the condition of Lemma 2.2.

Subcase 3.2. x;x;1» ¢ E(G) for any vertex x; in C7. In this
case, x and x5 do not have any common neighbor in
G — Cy, for otherwise, there is a 5-cycle Cs5 in G. Thus,
we have

min{d¢_c, (x2),dc—c,(x5)} < |V (G — C7)|/2.

Assume, without loss of generality, that dg_c,(xs5) <
|V (G — C7)|/2. Similarly, x3 and x; do not have any com-
mon neighbor in G — C7 (for otherwise, there is a C5 in G).
Thus,

min{dc_c, (x3),dc—c,(x7)} < |V (G — C7)|/2.

We may assume, without loss of generality, that dg_c, (x3)
< |V(G — C7)]/2. It then can be verified that dc, (x3) +
dc,, (x5) = [{x2,x4,xs}|. We then obtain d(x3) + d(x5) <
n — 2, which contradicts the condition of Lemma 2.2.

Case4. m > 8. Let C;; = X1X2X3X4 ... XmX1.

Subcase 4.1. x;x;1, € E(G) for some vertex x; in Cy. With-
out loss of generality, assume that x1x3 € E(G). In this
case, we have xyx4 ¢ E(G) or xpxm ¢ E(G) (for other-
wise, if x2Xx4,X2Xm € E(G), then we can obtain Cp_3:
X2X4X5...XmX2, a contradiction). Again, we may assume,
without loss of generality, that xyx4 ¢ E(G). Then x4 and
xg do not have any common neighbor in G — Cy;, (for oth-
erwise, if v € V(G — Cp) is adjacent to x4 and xg, then we
also obtain a C_2: X4VXgXg...Xs4, a contradiction). Thus,
we have

min{d¢_c,, (x4).dc—c, (x8)} < |V (G — Cm)|/2.

Without loss of generality, assume that dg_c,(x4) <
|V (G — Cp)|/2. Similarly, we have x, and xg do not have
any common neighbor in G — Cy,. Thus,

min{d¢_c,, (x2),dc—c,, (X6)} < |V (G — Cm)|/2.



994 K. Zhao et al. / Information Processing Letters 109 (2009) 991-996

We may assume that dg_c,, (x2) < |V (G — Cp)|/2. Thus

dG—c, (%2) + dc—c,, (Xa) < |V(G = Cn)|/2+ [V (G — Cin)| /2
= |V (G - Cn)| (1)

If X € {x1,%x2,...,xm} \ {X1,x3} is adjacent to x,, then

Xr42 is not adjacent to x4 (for otherwise, we obtain a

Cm—2: X2XrXr—1 ...XaXr42Xr43 . ..X2, a contradiction). Clearly

X2, X4, X5, Xm—1 are not adjacent to x», and x4, Xg, X7, X1

are not adjacent to x4, respectively. Hence we have

dc, (x4) <m — N, (x2) \ {x1. x3}| — [{X4. X6, X7, X1}

<m —dc, (x2) — 2.

This implies that

dc, (x4) +dc,, (x2) <m — 2. (2)
Combining (1) and (2), we have

d(x2) +d(x4) < |V(C—Cm)| +m—2<n 2,

which contradicts the condition of Lemma 2.2.

Subcase 4.2. x;x;. ¢ E(G) for every x; in Crp. Observe that
both x4 and xg do not have any common neighbor in
G — Cpy; for otherwise, if v € V(G — C;) is adjacent to x4
and xg, then we obtain a Cp_2: X4VXgXg...X4, Which is a
contradiction. Thus, we have

de—c,, (x4) +dg—c,, (x8) < |V (G — Cm)|.
This implies that
min{dg_c,, (X4), dg—c, (x8)} < |V (G — Cm)|/2.

Without loss of generality, assume that dg_c,,(x4) <
[V(G — Cp)|/2. Again, x; and xg do not have any com-
mon neighbor in G — Cp,. This implies that

min{dg_c,, (x2), dg—c, (x6)} < |V (G — Cm)|/2.

Without loss of generality, assume that dg_c, (x2) <
|V (G — Cm)|/2. Hence we have

dG—cp, (X2) +dG—c, (xa) < |V(G — C)|/2 + |V (G — C) | /2
= |V(G — Cm)|. (3)

Thus if x- € {x1,x2,...,xm} \ {X1,x3} is adjacent to xp,
then x,;, is not adjacent to x4 (for otherwise, we ob-
tain a Cp—2: X2XrXr—1...XaXr42Xr43 ...X2, @ contradiction).
Observe that xj, x4, X5, Xm—1 are not adjacent to x,, and
X4, Xg, X7, X1 are not adjacent to x4, respectively. Hence we
have

dc,, (x4) <m — [N, (x2) \ {x1,x3}| — |{x4, X6, X7, X1}

m—dc,, (x2) — 2,

NN

which implies that
dc, (x4) +dc,, (x2) <m — 2. (4)

Combining (3) and (4), we have d(x2) + d(x4) < |V(G —
Cm)| +m — 2 < n — 2, which contradicts the condition of
Lemma 2.2.

This completes the proof of Lemma 2.2. O

In order to prove the below results, we need the fol-
lowing Theorem 2.3 that was proved by Rao Li [3] and
Shengjia Li et al. [4].

Theorem 2.3. Let G be a 2-connected graph of order n > 6
such that d(x) + d(y) > n — 1 for each pair of nonadjacent
vertices x, y in G with d(x, y) = 2, then G is Hamiltonian or
GeC,UDy.

Lemma 2.4. Let G be a 2-connected Hamiltonian graph of or-
der n > 6 such that d(x) + d(y) > n — 1 for each pair x, y of
nonadjacent vertices in G with d(x, y) = 2. If there is not C;,_1
in G, then

G e {Knpan/2, Knjonj2 — e},

where then n is an even integer.

Proof. Assume, to the contrary, that G ¢ {Kn/2n/2,
Ky/2,n/2 — €}. Then we have the following claims.

Claim 1. x;x; 13 € E(G) or xj_1Xi+2 € E(G) for every vertex x;
in Cp.

Proof. Since G contains no C,_1, if x4 € C;; is adjacent
to x;42, then x,_q is not adjacent to x;. Namely, no ver-
tex in Ngn(x,-+2) is adjacent x;. Assume that Claim 1
is not true. Then x;Xji3,Xi—1Xi+2 ¢ E(G). Furthermore,
XiXi—2, Xi+2Xi+a ¢ E(G) (for otherwise, if xjx;i_» € E(G),
then x;_px;Xj+1X...Xi_» = Cy—1, a contradiction; while
ifX,’+2X,’+4 € E(G), then Xi42Xi+4Xit5 ... Xjy2 = Cn_1, a con-
tradiction). It then can be verified that

IN, )| < |V(G)| = |Ng, (Kix2)| — [{Xit3, xi-2}].

This implies that d(x;) + d(x;+2) <n — 2, which contradicts
the condition of Lemma 2.4. Therefore, Claim 1 is true. O

Claim 2. x;xj ¢ E(G) or xixj+1 ¢ E(G) for every pair x;, x; of
vertices in Cp,.

Proof. If there exists x; in C; such that x;x;j, xjxj+1 € E(G).
By Claim 1 we have x;_1xj1p € E(G) or Xj_2Xi+1 € E(G).
This implies that X;_1Xj12Xi13...XjXiXj{1Xj42...Xi—1 =
Cho1 OF Xj_2Xi11Xi12...XjXiXjr1Xjq2...Xj—2 = Cp_q1, TE-
spectively, which is a contradiction. Therefore, Claim 2 is
true. O

Claim 3. {x1,x3,X5,...,X2m—1,...} and {x2, X4, Xs, ..., Xom,
...} are independent sets.

Proof. By Claim 2, we know that d(x;) <n/2 (i=1,2,...)
(for otherwise, if d(x;j) > n/2, then there must exist
Xj,Xjy1 € V(Cy) that are adjacent to x;, which contra-
dicts Claim 2). Since there is no C,_1, it follows that
Xi—1Xi+1 ¢ E(G), and so we have d(xj—1) +d(xjr1) >n—1
(i=1,2,...). This implies that (n — 1)/2 < d(x;) < n/2
(i=1,2,...).

Then for every x; (i =1,2,...), since there is no Cp_1
in G, by Claim 2, there do not exist X, Xj41 in C, such that
XiXj, XiXj+1 € E(G). Then obviously we have.

Claim 3.1. If there exist xp,, X, that are not adjacent to x;, then
x; will be adjacent to every vertex of {...,Xp—2m+1s---»Xh—3,
Xn—1, Xn42s Xhtds - - s Xpg2ms - - )
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Claim 3.2. If there do not exist xp, Xy1 that are not adjacent
to x;, then when i is even, x; will be adjacent to every vertex of

{x1,X3,X5,...,Xom—1,...}; while when i is odd, x; will be ad-
jacent to every vertex of {X2, X4, Xg, . .., Xom, . . .}. We consider
two cases.

Case 1. Claim 3.1 does not hold. Then Claim 3 holds.
Case 2. Claim 3.1 holds. There are two subcases.

Subcase 2.1. Claim 3.2 holds. Then clearly there exist
Xj,Xj+1 such that one vertex satisfying Claim 3.1 and the
other vertex satisfying Claim 3.2. This implies that x;j, X1
will be adjacent to a common vertex of C,. It then follows
by Claim 2 that we have a C,_1, a contradiction.

Subcase 2.2. Claim 3.2 does not hold. In this case, by
Claim 2, if x; and xp,q are not adjacent to x;; then both
Xpt2 and xp.q or both x; and x;_7 are not adjacent to X 1.

In this case, by Claim 1 we have x;_1xj12 € E(G) or
XiXi+3 € E(G). Then we can obtain a C,_1, a contradiction.
For example, suppose that x;_1x;+2 € E(G). Since both xj
and xp4q are not adjacent to x;, and both x,,, and x;1 or
both x, and x,_; are not adjacent to x;,1, without loss of
generality, assume that both x5 and x;,q are not adja-
cent to x;+1. Then we obtain

Cn—1 = XnXp—1---Xi42Xi—1Xi-2 - - . Xn+2XiXi-+1Xn+3Xh -

By Case 1 and Claim 3.2, we have that {xq,x3,xs,...,
Xom—1,...} and {xy,Xx4,Xs,...,X2m,...} are independent
sets. Therefore, Claim 3 is true. O

Since (n —1)/2 <d(x;) <n/2 fori=1,2,..., it follows
that G € {Kn/2,n/2, Knj2,n/2 — €}, where then n is an even
integer. This completes the proof of Lemma 2.4. O

Combining Lemma 2.2, Theorem 2.3 and Lemma 2.4, we
have the following main result on pancyclic graphs, which
is, in fact, Theorem 1.4.

Corollary 2.5. If G is a 2-connected graph of order n > 6 such
that d(x) +d(y) > n — 1 for each pair x, y of nonadjacent ver-
tices in G with d(x, y) = 2, then either G is pancyclic or

G e ChUDU{Ky/2n/2, Knjan2 —e: niseven}.

Note. Since the proof of Theorem 2.3 in [2] and [3] is very
complexity. Their proofs all use the Benhocine-Wojda’ The-
orem in 1987, and the proof of Benhocine-Wojda’ Theo-
rem use two lemmas and Genghua Fan’s Theorem in 1984,
among them the proof of Lemma 2 is 4 pages. Thus, we
now give a simple proof for above Theorem 2.3.

A simple proof of Theorem 2.3. Assume that G is the graph
neither Hamiltonian nor G € C, U D, satisfying the condi-
tion of Theorem 2.3. Then let C,, be a longest cycle of G,
and we have the following:

Claim 1. If some vertex u of G — Cp, is adjacent to some vertex
X; in Cr, then u will be adjacent to every vertex of G — Cy — U.

Otherwise, if there exists v € V(G — Cp, — u) that is not
adjacent to u, then v will be adjacent to x;11 (otherwise,
if vxi11 ¢ V(G), since u and x;1 do not have any common
neighbor vertex in G — Cy, and clearly d(u) = [Ng—c,, (u)|+
INc,,w)| and d(xi+1) < [Ne—c,*it+1)| + (V(Cm)| —
INELm(U)I), this implies d(u) + d(xi+1) < (IN¢—c,(W)| +
ING—c, (Xi+1)]) + INc,, )|+ (|V(Cn)| — INFm(U)I) SIV(G =
Cn —u = V)| + |Ng, )|+ |[V(Cn)| — INELm(u)I =n-2a
contradiction). Similarly, we have that v will be adjacent
to Xi+3, Xi+s5, ..., and u must be adjacent to Xj13, Xj+4, - - -,
this implies G € C, U Dy, a contradiction.

Claim 2. Let G — Cy = H, then |V (H)| = 1.

Otherwise, if |V (H)| > 1, namely, m <n — 2. Since G is
2-connected, then for any distinct Xjy1,Xj41 € Ngm(H) we
have d(Xi1,Xj+1) = 2 (otherwise, if there exist Xj11,Xj+1 €
Nérm(H) then d(xi+1,Xj41) > 3. Let u € V(H) and xi41 €
szm (u), since both u and x;11 does not have any common
neighbor vertex in G — Cp, and clearly x; ¢ szm (u) and
Xjxiy1 ¢ E(G), so by a similar the proof as Claim 1 we have
d() +dxj11) < |V(G = Cpn —w)| + [Nc,, )| + [V(Cm)| —
IN ()| — |{xj}| =n — 2, a contradiction).

Then let Xj11,Xj41 € Né“m (H), and {Xj11,%Xi12,...,
Xj} = Cct and {Xj+1,Xj342,...,%} = C~, clearly none of
Nér+ (xj41) are adjacent to x;y1, and none of N (xj41) are
adjacent to X y1. Thus, d(xi11) +d(xj 1) <m—(NE, (xj41) +
N (xj41) — {xjt1}D — Hxit1} + INg, Kjp1)] — [V(H)| <
n — 2, a contradiction.

Claim3.du)=n—-1)/2.

Otherwise, (1) if d(u) > (n—1)/2. Together with Claim 2,
we have that both xp.1,xp42 in C,—1 are adjacent to
u, then we get a Hamiltonian cycle, a contradiction.
(2) If d(u) < (n — 1)/2. Since d(xj;1) +du) >n —1 and
d(u) +d(xj41) = n—1, this implies d(x;11) > (n—1)/2 and
d(xj4+1) > (n—1)/2, so we have d(xjy1) +d(xj4+1) >n—1.
Since Cp, is a longest cycle, by a similar arguments as
Claim 2, we have d(x;11) +d(xj41) <n —1, a contradic-
tion.

By d(u) = (n —1)/2, so N () U {u} = {Xit1,Xi43, ...,
Xi+2r—1,--.,Xi—1, U} is independent vertex set. Clearly for
any Xiyor—1 (r=1,2,...), XiXi{1Xi2 ... Xiy2r—2UXiyor ... X
is also a C,_1, so we can apply a similar arguments as
above and get that [N(xi2r—1)| = [V(G)\(N{ w)U{u})| =
n—1)/2 (r=1,2,...), this implies G € C, U Dy, a contra-
diction. This complete the proof of Theorem 2.3. O

Acknowledgements

We are grateful to the referees whose valuable sugges-
tions resulted in an improved paper.



996 K. Zhao et al. / Information Processing Letters 109 (2009) 991-996

References [3] R. Li, A new sufficient condition for Hamiltonicity of graphs, Inform.

Process. Lett. 98 (4) (2006) 159-161.
(1] Jl;:/EBls:\:ii}e"r Llfosnljlorlz//lll\}ret\x Ycoiip?gggeory with Applications, Macmil- [4] S. Li, R. Li, ]. Feng, An efficient condition for a graph to be Hamiltonian,

[2] M.R. Garey, D.S. Johnson, Computers and Intractability: A Guide to the Discrete Appl. Math. 155 (14) (2007) 1842-1845.
Theory of NP-Completeness, W.H. Freeman and Company, New York, [5] M.S. Rahman, M. Kaykobad, On Hamiltonian cycles and Hamiltonian
1979. paths, Inform. Process. Lett. 94 (1) (2005) 37-41.



